Abstract. A theorem of Mumford states that, on complex surfaces, any normal isolated singularity whose link is diffeomorphic to a sphere is actually a smooth point. While this property fails in higher dimensions, McLean asks whether the contact structure that the link inherits from its embedding in the variety may suffice to characterize smooth points among normal isolated singularities. He proves that this is the case in dimension 3. In this paper, we use techniques from birational geometry to extend McLean's result to a large class of higher dimensional singularities. We also introduce a more refined invariant of the link using CR geometry, and conjecture that this invariant is strong enough to characterize smoothness in full generality.
Introduction
Let X ⊂ C N be an n-dimensional complex analytic variety with an isolated singularity at the origin 0 ∈ C N . We do not exclude the possibility that X is actually smooth at 0.
For sufficiently small ǫ > 0, the intersection of X with the sphere of radius ǫ centered at 0 is a differential manifold L X of real dimension 2n − 1, called the link of the singularity [Mil68] . The diffeomorphism class of the link is an analytic invariant of the singularity. If X is smooth at 0, then the link is diffeomorphic to a sphere, and a theorem of Mumford states that the converse holds for normal surface singularities.
Theorem 1.1 ([Mum61]).
A normal isolated surface singularity is smooth if and only if the link is diffeomorphic to a sphere.
The converse fails, however, in higher dimensions, even assuming that the singularity is normal [Bri66, Bri66b, Mil68] .
The link inherits a contact structure from its embedding in X given by the hyperplane distribution ξ = T (L X ) ∩ J 0 (T (L X )) ⊂ T (L X ) where J 0 : T (X) → T (X), with J 2 0 = −1, is the complex structure. The contactomorphism class of the link is an analytic invariant of the singularity [Var80] . In particular, if X is smooth at 0 then the link L X is contactomorphic to the standard contact sphere S 2n−1 ⊂ C n . The following question was considered by McLean.
Theorem 1.3 ([McL16]).
A normal isolated 3-fold singularity is smooth if and only if the link is contactomorphic to the standard contact sphere.
McLean's strategy is to first observe that a normal isolated singularity 0 ∈ X whose link is contactomorphic to the standard contact sphere is numerically Q-Gorenstein. Via a delicate analysis of the geometry and dynamics of Reeb vector fields, McLean proves that the ConleyZehnder index of the Reeb orbits defined by the various contact forms on the link can be used to compute discrepancies, hence deducing that 0 ∈ X is actually a Q-Gorenstein singularity with minimal log discrepancy mld 0 (X) = n. When n = 3, this suffices to conclude that X is smooth at 0. In higher dimensions, the same conclusion can be drawn by assuming a conjecture of Shokurov stating that if mld 0 (X) = n then X is smooth at 0 [Sho02] .
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In this paper, we show that this approach leads to a positive answer to the question for a large class of singularities of all dimensions. Theorem 1.4. Let X ⊂ C N be a complex analytic variety with a normal isolated singularity at 0. Assume that the exceptional divisor of the normalized blow-up of X at 0 has a generically reduced irreducible component. Then X is smooth at 0 if and only if the link L X of X at 0 is contactomorphic to the standard contact sphere.
The condition on the exceptional divisor of the normalized blow-up of X at 0 is satisfied, for instance, if the tangent cone of X at 0 is reduced at the generic point of one of its irreducible components.
We deduce the above theorem from McLean's work and the next result, which brings evidence to Shokurov's conjecture and therefore is of independent interest. Theorem 1.5. Let X be a normal Q-Gorenstein variety of dimension n and x ∈ X a closed point such that the exceptional divisor of the normalized blow-up of X at x has a generically reduced irreducible component. Then mld x (X) ≤ n, and equality holds if and only if X is smooth at x.
The proof of this theorem relies on a theorem of Ishii on minimal Mather log discrepancies [Ish13] . The bound mld x (X) ≤ n in the setting of the theorem is a direct application of Ishii's result, and our contribution is to observe that equality holds only if X is smooth at x, a property we deduce by looking at the Nash blow-up of X.
We do not know how to extend these results to the case where the exceptional divisor of the normalized blow-up has no reduced irreducible components. We suspect, however, that by keeping track of additional structure of the link one can still detect smoothness among normal isolated singularities.
To this end, we look at the CR structure that the link inherits from the complex structure of X. This structure is defined by
It is determined by the tangential Cauchy-Riemann equations in X along L X . The contact structure ξ can be recovered as the real part of the complex bundle
where the bar denotes complex conjugation.
The CR structure of the link uniquely characterizes the singularity [Sch86] . It has long been used to investigate isolated singularities; see [Hua06] for a survey on recent studies in this 1 We should remark that this conjecture of Shokurov is a particular case of a more precise conjecture that has received a lot of attention in birational geometry due to its relevance in the minimal model program, specifically in connection to the conjecture on termination of flips.
direction. In his foundational work [Tan75] , Tanaka devoted a chapter to this problem, and asked whether the sphere S 2n−1 equipped with any strongly pseudoconvex CR structure that extends the standard contact structure can be CR embedded into C n (cf. [Tan75, Page 80]). It is interesting to observe that a positive answer to Tanaka's question would imply a positive answer to Question 1.2 (cf. Remark 4.4).
It should be noted, however, that the CR structure is not an invariant of the singularity, as it may depends on the embedding of X in C N and the radius ǫ of the sphere cutting out the link.
In order to define an invariant of the singularity, we consider an equivalence relation among compact strongly pseudoconvex CR structures where certain types of deformations of the structure are allowed. We call such equivalence relation cohomological CR deformation equivalence.
Essentially, two compact strongly pseudoconvex CR manifolds are in the same equivalence class if they can be deformed into each other using finitely many deformation families, parameterized over C, that preserve certain cohomological dimensions throughout the deformation and whose total spaces are strongly pseudoconvex CR manifolds (see Definition 5.6). The fact that the cohomological CR deformation equivalence class of a link gives an analytic invariant of the singularity is proved in Theorem 5.7.
Using this notion, we conjecture that a normal isolated singularity is smooth if and only if the cohomological CR deformation equivalence class of the link is the class of the standard CR sphere (see Conjecture 5.14). This conjecture is closely related to the complex Plateau problem, which was completely solved for isolated hypersurface singularities in [Yau81, LY07, DY12] and has been further investigated for arbitrary singularities in [DGY16] .
Another way of enhancing the contact structure of the link is by looking at contact forms. We consider the contact form defined on the link by the 1-form
where (z i ) are the coordinates of z in C N . The contact structure ξ on L X is simply the kernel of the form θ| L X .
We expect that smoothness can also be characterized by tracing this form as one lets the radius of the sphere cutting out the link tend to zero (see Conjecture 6.2). This conjecture is independent of the previous conjecture and provides a different perspective on the problem. We refer to the last section of the paper for more details on this alternative approach.
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Proof of Theorem 1.5
Throughout this and the next section, we denote by K X a canonical divisor of a normal variety X. If f : Y → X is a proper birational map from another normal variety, then the canonical divisors of X and Y will always be implicitly assumed to be chosen compatibly, so that
We start by recalling some definitions. Let X be an n-dimensional normal variety. We say that X is Q-Gorenstein if the canonical divisor K X of X is Q-Cartier.
Let E be a prime divisor on a resolution of singularities f : Y → X. If X is Q-Gorenstein, then the log discrepancy of E over X is defined by
where K Y /X = K Y − f * K X is the relative canonical divisor (note that this is a Q-divisor).
In general (i.e., without assuming that X is Q-Gorenstein), one defines the Mather log discrepancy of E over X to be a E (X) := ord E (Jac f ) + 1
where Jac f = Fitt 0 (Ω Y /X ). By taking the infimum of these numbers over all choices of E ⊂ Y → X such that the image of E in X is a fixed closed point x ∈ X, one defines the minimal log discrepancy mld x (X) and the minimal Mather log discrepancy mld x (X) of X at x. If X is smooth, then log discrepancies and Mather log discrepancies are the same. In general, on a Q-Gorenstein variety X, they compare as follows. Let r be a positive integer such that rK X is Cartier, and consider the natural map
The image of this map is equal to n r,X · O X (rK X ) for some ideal sheaf n r,X ⊂ O X , which we call the Nash ideal of level r of X. It follows that
r ord E (n r,X ). The name given to n r,X comes from the following property, which is certainly well-known to the experts. Recall that the Nash blow-up ν : X → X of an n-dimensional variety X is defined by taking the closure in the Grassmannian bundle Gr(Ω X , n) of Gr(Ω Xreg , n), which is naturally isomorphic to X reg .
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Proposition 2.1. With the above notation (i.e., assuming that rK X is Cartier), the Nash blow-up X of X is isomorphic to the blow-up of n r,x .
Proof. Using the Plücker embedding, it is easy to see that X is isomorphic to the closure of X reg in P(∧ n Ω X ) via the natural isomorphism X reg ∼ = P(∧ n Ω Xreg ). Then the Nash blow-up can be viewed as a blow-up of an ideal as follows. If ∧ n Ω X → L is a generically injective map to an invertible sheaf L and a ⊂ O X is the ideal sheaf such that the image is equal to a · L, then X is isomorphic to the blow-up of a. These general facts about the Nash blow-up are well explained, for instance, in [OZ91] .
There is a generically injective map (∧ n Ω X ) ⊗r → O X (rK X ). Pick L (and a) as above so that the tensor product map (
2 Assuming that X is a closed subvariety of a smooth variety M , the Nash blow-up of X can equivalently be defined by taking the closure of Xreg in the Grassmannian bundle Gr(ΩM , n). We should point out that the construction of the Nash blow-up was already considered by Semple [Sem54] , before Nash.
3 For instance, if X is a closed subvariety of a smooth variety M and V ⊂ M is the complete intersection defined by the vanishing of c = codimM X general elements of the ideal of X in O(M ), then one can take L = ωV |X , in which case a = JacV |X where JacV = Fitt n (ΩV ) is the Jacobian ideal of V .
Note that the image of (∧ n Ω X ) ⊗r → L ⊗r is equal to a r · L ⊗r , and since both O X (rK X ) and L ⊗r are invertible sheaves, the map O X (rK X ) → L ⊗r is given by multiplication of a nonzero element h ∈ O(X). It follows that
in O X , and this implies that the two blow-ups are isomorphic.
Let us now turn to the setting of the theorem, so that X is Q-Gorenstein, x ∈ X is a closed point, and the exceptional divisor of the normalized blow-up of X at 0 has a generically reduced irreducible component. By [Ish13, Theorem 1.1], 4 the condition on the exceptional divisor of the normalized blow-up implies that mld x (X) = n.
Since ord E (n r,X ) ≥ 0, this immediately gives
r Z for every prime divisor E over X, we must have ord E (n r,X ) = 0 for some E with center in x ∈ X, which is only possible if n r,X is locally trivial in a neighborhood of x. Then Proposition 2.1 implies that the Nash blow-up ν : X → X is an isomorphism near x. As we are in characteristic zero, we deduce that X is smooth at x by [Nob75, Theorem 2]. [McL16] . This will show how several different ways of looking at a singularity come into play.
Let X ⊂ C N be a variety with a normal isolated singularity at the origin 0 ∈ C N , and let L X = X ∩ S 2N −1 ǫ be the link of X cut out by a sphere of sufficiently small radius ǫ. We can assume without loss of generality that X is smooth away from 0.
The starting point is to observe that if L X is diffeomorphic to the sphere S 2n−1 then X is numerically Q-Gorenstein (cf. [McL16, Lemma 3.3] ). This means that for some (equivalently, for any) resolution of singularities f : Y → X there is a Q-divisor f * num K X on Y , called the numerical pull-back of K X , which is characterized by the properties that f * f * num K X = K X and f * num K X · C = 0 for every curve C ⊂ Y that is contracted by f . We equivalently say that K X is numerically Q-Cartier.
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To see this, let f : Y → X be a resolution such that Ex(f ) = Supp(f −1 (0)) = E i , where
ǫ ⊂ C N is the closed ball of radius ǫ. Note that U is a 2n-dimensional orientable real manifold with boundary ∂U ≃ L X . Since L X ≃ S 2n−1 , we have H 2 (∂U ; Z) = 0, and hence the the map H 2 (U, ∂U ; Z) → H 2 (U ; Z) is an isomorphism. On the other hand, by Lefschetz duality the cohomology group H 2 (U, ∂U ; Z) is isomorphic to H 2n−2 (U ; Z), and the latter is generated by the classes [E i ] since Ex(f ) ֒→ 4 The cited theorem, as stated in the published version, does not apply to our situation. However, the theorem is stated incorrectly, and the corrected statement does apply. We have been informed by the author of [Ish13] that an Erratum is in the process of being submitted.
5 The proof actually shows that in our setting KX is numerically Cartier, which means that f * num KX is an integral divisor.
U is a homotopy equivalence. If
is the element corresponding to c 1 (T * (Y )| U ) ∈ H 2 (U ; Z) under these isomorphisms, then for every curve C ⊂ Ex(f ) we have
This means that f * num K X := K Y − a i E i is the numerical pull-back of K X , and hence X is numerically Q-Gorenstein.
Using the numerical pullback of K X , one defines the relative canonical divisor of X by setting
Then, for every prime divisor E i ⊂ Y , one defines the log discrepancy
Notice that this definition agrees with the one given in the previous section under the additional assumption that K X is Q-Cartier.
The next step relates the contact geometry of the link to log discrepancy. This is by far the deepest and most difficult part of the proof, and it is the core contribution of [McL16] . Before we can state the main result of [McL16] , we need to recall some definitions.
Let M = (M, ξ) be a contact manifold. That is, M is an odd dimensional differentiable real manifold and ξ ⊂ T (M ) is a hyperplane distribution locally defined by ξ = ker α where α is a differential 1-form such that the top form α ∧ (dα) m is nowhere zero, where we set dim M = 2m + 1. If defined globally, any such form α induces an orientation on the bundle T (M )/ξ, and is called a contact form on M . If a contact form α 0 on M is given, then we say that the contact manifold is cooriented, and any other contact form α is said to be cooriented if it induces the same orientation on T (M )/ξ as α 0 . In this paper, we always focus on cooriented contact manifolds with given contact forms. A Reeb vector field of a contact form α is the unique vector field R on M such that dα(R, −) = 0 and α(R) = 1. The Reeb flow of α is the flow of R. A Reeb orbit of a contact form α is a closed orbit γ : R/LZ → M (where L is the period) of the Reeb flow, so that γ ′ (t) = R(γ(t)).
In the situation at hand, let α 0 be the contact form on the link L X induced by the 1-form i N α=1 (z α dz α − z α dz α ) on C N . Note that the contact structure ξ ⊂ T (L X ) inherits a complex structure from the complex structure J 0 of T (X) that is compatible with dα 0 . Since L X ≃ S 2n−1 , we have H 2 (L X , Z) = 0, and therefore the first Chern class c 1 (ξ) of ξ (which is defined with respect to such complex structure of ξ) is zero. This implies that the complex line bundle ∧ n−1 ξ is trivial. Then, for any contact form α that is cooriented with α 0 , and any Reeb orbit γ : R/LZ → L X of α, one can define the Conley-Zehnder index CZ(γ) ∈ 1 2 Z of γ by looking how many times the linearized return map of γ goes around the origin of C in a given trivialization of the dual of ∧ n−1 ξ (see [McL16, Lemma 2 .10] or the original source [RS93] for the precise definition). McLean then defines the lower SFT index of γ to be
where
L X is the linearized return map of γ. For any contact form α with ker α = ξ, we define the minimal SFT index of α to be mi(α) = inf γ lSFT(γ), where the minimum is taken over all Reeb orbits γ of α, and the highest minimal SFT index of (M, ξ) by hmi(M, ξ) := sup α mi(α) where the supremum is taken over all non-zero 1-forms α with ker(α) = ξ respecting the coorientation of ξ induced by α 0 . A good property of hmi(M, ξ) is its invariance up to coorientation preserving contactomorphism. The following is the main result in McLean's paper. . Let X ⊂ C N be a variety with a normal isolated singularity at 0, and assume that X is numerically Q-Gorenstein and H 2 (L X ; Q) = 0.
(
Granting this result, we can now finish the proof of Theorem 1.4. Let X ⊂ C N be a complex analytic variety with a normal isolated singularity at 0. If X is smooth at 0, then its link L X of X at 0 is clearly contactomorphic to the standard sphere. We need to check the other direction.
Assume that L X ≃ S 2n−1 . Then, as we saw above, X is numerically Q-Gorenstein. By applying Theorem 3.1, we see that the minimal log discrepancy mld 0 (X) only depends on the contact structure of the link, and therefore is the same as mld 0 (C n ), which is equal to n. Recall that, at this point, we only know that X is numerically Q-Gorenstein. It follows, however, by [BdFFU15, Corollary 1.4] that X is actually Q-Gorenstein.
6 Since we have assumed that the exceptional divisor of the normalized blow-up of X at 0 has a generically reduced component, we conclude by Theorem 1.5 that X is smooth at 0.
CR geometry
This section is devoted to recalling some general facts about CR manifolds (e.g., see [DT06] for a general reference). All manifolds will be implicitly assumed to be C ∞ , connected, and oriented.
A CR structure on a manifold M with real dimension 2n − 1 is an (n − 1)-dimensional subbundle Any strongly pseudoconvex CR manifold (M, T 1,0 (M )) determines a contact manifold (M, ξ) by setting ξ = H(M ), but the same contact manifold may arise from different CR structures.
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By keeping track of a strongly pseudoconvex CR structure of a contact manifold M , we obtain a rather more rigid picture in terms of Stein fillings. To this end, it is useful to recall the following two fundamental theorems concerning embeddability and fillings of strongly pseudoconvex CR manifolds. 6 This corollary combines several logical steps, which might be worthwhile to explain. First, one observes that the fact that the minimal log discrepancy defined numerically is positive implies that X is log terminal in the sense defined in [dFH09] , and therefore there is an effective Q-divisor ∆ on X such that KX +∆ is Q-Cartier and (X, ∆) is log terminal. It follows then by a well-known extension to log pairs of Elkik's theorem [Elk81] that X has rational singularities, and one concludes that KX is Q-Cartier by [BdFFU15, Theorem 5.11].
7 As we will discuss below, this may occur, for instance, when taking different links of the same isolated singularity.
It follows from these theorems that any compact connected strongly pseudoconvex CR manifold M of dimension at least 5 is isomorphic to the boundary of a Stein space V with only normal isolated singularities. While these results do not quite imply immediately that the filling is unique up to isomorphism (in principle the Stein space V may depend on the embedding M ⊂ C N ), it is a general fact that that is the case. In fact, the above theorems, together with results from [Ros65, RT77] , yield the following property.
Corollary 4.3. Up to isomorphism, a compact strongly pseudoconvex CR manifold M of dimension at least 5 is the boundary of a unique Stein space V with only normal isolated singularities.
Proof. By Theorem 4.1, M can be embedded in an affine space C N , and Theorem 4.2 then implies that, within its embedding, it can be filled by a Stein space V with normal isolated singularities, so that M is CR isomorphic to the boundary ∂V of V . Let V = V ∪ ∂V denote the closure of V in C N .
Unicity of such filling follows from the results of [Ros65, RT77] which provide a canonical way of constructing V up to isomorphism. Specifically, let A(M ) be the Banach algebra of continuous functions on M that can be approximated (in the uniform norm) by C ∞ functions on M satisfying the tangential Cauchy-Riemann equations. Let S(M ) be the Gelfand spectrum of A(M ); this is the set of maximal ideals of the ring of homomorphisms from A(M ) to C. By [Ros65, Theorem 6], reinterpreted in the intrinsic setting treated in [RT77] , the spectrum S(M ) can be given a complex structure so that S(M ) = S ∪ ∂S where S is a Stein space with CR boundary ∂S ∼ = M , and it follows by the definition of Gelfand spectrum that S is normal. Moreover, for every Stein filling V as above, there is a neighborhood U ⊂ V of ∂V and an injective map Ψ : U → S(M ) mapping ∂V CR isomorphically to ∂S and inducing a holomorphic map U ∩ V → S.
Arguing as in the proof of [Yau11, Proposition 1.1], we see that Ψ extends to a finite map Φ : V → S(M ) which satisfies Φ −1 (∂S) = ∂V , and induces a proper holomorphic map V → S. Since Φ is injective on U , it follows that Φ has degree one, and therefore it is an isomorphism because S is normal. where B p,q is the space of (p, q)-forms on M satisfying the tangential Cauchy-Riemann equations, and ∂ b : B p,q → B p,q+1 is the composition of the regular de Rham differential operator followed by a projection from the space of (p, q + 1)-forms onto B p,q+1 .
The following theorem implies in particular that most of the Kohn-Rossi cohomology groups of a link of an isolated singularity are analytic invariants of the singularity, a fact that will be used later. 
is the Brieskorn invariant of type (p, q + 1) at x i , which is a local analytic invariant of the singularity x i .
We also recall the definition of p-normal, which appears in the next theorem. It will not be used in the rest of the paper. 
X is the sheaf defined by the pre-sheaf given by U → lim − →Z⊂U Γ(U \ Z, O X ), with Z ranging among all closed subvarieties of U of dimension ≤ p and the limit directed by inclusion.
Theorem 4.7 ([HLY06]
). Let M be a real manifold of dimension 2n + 1, with n ≥ 3, and let f : M → ∆ be a proper C ∞ submersion, where ∆ = {t ∈ C | |t| < 1} is the open unit interval, such that every fiber
is a strongly pseudoconvex CR structure on M t for every t.
Then there exist a unique (up to isomorphism) 2-normal Stein space U which has M as part of its smooth strongly pseudoconvex boundary, and a holomorphic map g : U → ∆ such that, for every t, the fiber U t = g −1 (t) is a Stein space with M t as its smooth strongly pseudoconvex boundary.
Moreover, if the dimension of the Kohn-Rossi cohomology group H 0,1 KR (M t ) of the fibers of f is constant as a function of t ∈ ∆, then every fiber U t has only normal isolated singularities. 
A CR theoretic invariant of singularity
Let us now focus on the case of a link of a normal isolated singularity. The goal is to refine the structure of the link by taking into account the CR structure inherited from the embedding in the complex variety. By allowing a certain type of deformation of such a structure, we introduce a finer invariant of the singularity which we conjecture is sufficient to characterize smooth points among normal isolated singularities.
For reasons that will be clear in the discussion that follows, we need to be more precise in the definition of link and consider complex analytic varieties X that are only locally closed in C N (instead of closed in C N ). For the reminder of this section, given a locally closed complex analytic variety X ⊂ C N , we simply say that X is a variety in C N .
Let X ⊂ C N be an n-dimensional variety with a normal isolated singularity at the origin 0. Consider the function ρ : X ∪ ∂X → R given by z → |z|.
Definition 5.1. We say that α ∈ (0, ∞) is a critical value of ρ if α = ρ(z) where either z ∈ X reg is a point where ρ is not a submersion, or z ∈ (Sing X) ∪ ∂X. We set
For every ǫ ∈ (0, α * (X)), the set
We consider each link L X,ǫ with the CR structure T 1,0 (L X,ǫ ) induced from the embedding of L X,ǫ in X. The following result of Scherk can be viewed as a particular case of Corollary 4.3.
Theorem 5.2 ([Sch86, Theorem 4]). Let X ⊂ C N and X ′ ⊂ C N ′ be two varieties with normal isolated singularities at the respective origins 0 ∈ C N and 0 ′ ∈ C N ′ . If for some 0 < ǫ < α * (X) and 0 < ǫ ′ < α * (X ′ ) the links L X,ǫ and L X ′ ,ǫ ′ are CR isomorphic, then the germs (X, 0) and (X ′ , 0 ′ ) are analytically equivalent.
This results says that the CR structure of a link of a normal isolated singularity determines uniquely the singularity. This does not mean that the CR structure defines an invariant of the singularity. The CR structure of a link is not an invariant of the singularity because it may depend on the radius ǫ as well as the embedding X ⊂ C N . An explicit example where it depends on the embedding is given in [Sch86, Page 401] .
In order to define a CR theoretic invariant of singularity, we introduce a suitable equivalence relation among compact strongly pseudoconvex CR structures. Along the lines of [HLY06, Definition 1.1], we start with the following definition.
Definition 5.3. A CR deformation family of relative dimension 2n − 1 is a strongly pseudoconvex CR manifold M of dimension 2n + 1 with a proper C ∞ submersion f : M → ∆, where ∆ = {t ∈ C | |t| < 1} denotes the open unit interval, such that for any t ∈ C, the fiber M t = f −1 (t) is a strongly pseudoconvex CR manifold with CR structure
Remark 5.4. It follows by Gray's stability theorem that if f : M → ∆ is a CR deformation family, then for any s, t ∈ ∆ the fibers M s and M t , equipped with the induced contact structures H(M s ) and H(M t ), are contactomorphic.
Definition 5.5. A CR deformation family f : M → ∆ as in Definition 5.3 is said to be cohomologically rigid if, additionally, the dimensions of the Kohn-Rossi cohomology groups H p,q KR (M t ) are constant as functions of t ∈ ∆ for all p and 1 ≤ q ≤ n − 2. Definition 5.6. We say that two compact strongly pseudoconvex CR manifolds (M, T 1,0 (M )) and (M ′ , T 1,0 (M ′ )) of the same dimension 2n − 1 are cohomologically CR deformation equivalent if there exists a finite collection of cohomologically rigid CR deformation families f i : M i → ∆ of relative dimension 2n − 1, indexed by i ∈ {1, . . . , k}, and pairs of points
It is immediate to see that this definition yields an equivalence relation among compact strongly pseudoconvex CR manifolds.
Theorem 5.7. Suppose that X ⊂ C N and X ′ ⊂ C N ′ are two varieties with analytically isomorphic germs of normal isolated singularities (X, 0) ∼ = (X ′ , 0 ′ ) at the respective origins 0 ∈ C N and 0 ′ ∈ C N ′ . Then for any 0 < ǫ < α * (X) and 0 < ǫ ′ < α * (X ′ ) the links L X,ǫ and L X ′ ,ǫ ′ are cohomologically CR deformation equivalent.
Before we can prove the theorem, we need a stability property of links of isotrivial families of singularities, which is stated below in Corollary 5.10. As we were unable to find a reference in the literature, we include here a proof which we learned from Looijenga.
Let T ⊂ C m be a smooth variety, and let X ⊂ C N × T be a family of varieties X t ⊂ C N parameterized by T . We assume that each X t has an isolated singularity at 0 ∈ C N and is smooth elsewhere. Let α * (X t ) be defined with respect to this embedding. We identify T with the section {0} × T ⊂ X .
Definition 5.8. The family X → T is said to satisfy the link stability property if every point t 0 ∈ T admits an analytic open neighborhood U ⊂ T such that α * (X t ) > ǫ for some ǫ > 0 and every t ∈ U .
Proposition 5.9. With the above notation, assume that the strata X \ T and T of X satisfy Whitney's condition (b) in C N × C m . Then the family X → T satisfies the link stability property.
Proof. Consider the function r : X → R × T given by (z, t) → (|z|, t), where z are the coordinates of C N and t ∈ T . We need to prove that the set of critical points of r in X \ T has no accumulation point in T . Let (z i , t i ) be a sequence of points in X \ T converging to a point (0, t) ∈ T . For every i, let ℓ i ⊂ C N × C m be the real line spanned by the vector z i in C N × {t i }, and let τ i ⊂ C N × C m be the real tangent space of X at (z i , t i ). Whitney's condition (b) tells us that if the sequence of lines ℓ i has limit ℓ and the sequence planes τ i has limit τ , then ℓ ⊂ τ . This implies that the restriction of r to a sufficiently small analytic neighborhood of (0, t) has no critical points in X \ T .
Corollary 5.10. Let X be a variety with an isolated singularity at a point x 0 and smooth elsewhere. Let T ⊂ C m be a smooth variety, and let φ : X × T ֒→ C N × T be a locally closed embedding that respects the projections to T and maps {x 0 } × T to {0} × T . Denote by X the image of φ. Note that each fiber X t of X → T is a variety in C N with an isolated singularity at 0; let α * (X t ) be defined with respect to this embedding. Then X → T satisfies the link stability property.
Proof. Since X \ {x 0 } is smooth, (X \ {x 0 }) and {x 0 } satisfy Whitney's condition (b) with respect to any given embedding X ⊂ C k , and hence (X \ {x 0 }) × T and {x 0 } × T satisfy Whitney's condition (b) in C k × C m . This is an intrinsic property of the variety (e.g., see [Mat12, Section 4]), and therefore the strata X \ T and T satisfy Whitney's condition (b). Here, as before, we identify T with the section {0} × T . Then the property follows by Proposition 5.9.
We now turn to the proof of Theorem 5.7. The next two lemmas deal with two special cases of the theorem.
Lemma 5.11. Let X ⊂ C N be a variety with a normal isolated singularity at 0. Then for every 0 < ǫ ′ ≤ ǫ < α * (X) the links L X,ǫ and L X,ǫ ′ are cohomologically CR deformation equivalent.
Proof. Let X = X ×C ⊂ C N +1 and h : X → C be the projection onto the last factor. Then let M = S 2N +1 ǫ ∩ h −1 (∆ ǫ ) where ∆ ǫ ⊂ C is the open disk of radius ǫ, and let f : M → C be the composition of h| M with an isomorphism g : ∆ ǫ → ∆. Note that M is an open subset of the boundary of a Stein manifold, and in particular it is a strongly pseudoconvex CR manifold. Moreover, we have M s = L X,ǫ and M t = L X,ǫ ′ when s = g(0) and t = g ǫ 2 − (ǫ ′ ) 2 . Every fiber M t is a link of a smooth point, and hence is strongly pseudoconvex CR manifold, and the dimensions of the groups H p,q KR (M t ) are constant for 1 ≤ q ≤ n − 2 by Theorem 4.5. Then f is a cohomologically rigid CR deformation family connecting L X,ǫ to L X,ǫ ′ .
Lemma 5.12. Let X be a complex variety with a normal isolated singularity at a point x 0 . Let φ : X × C ֒→ C N × C be a locally closed embedding that respects the projections to C and maps {x 0 } × C to {0} × C. Denote by X the image of φ. Then, for sufficiently small ǫ > 0, the links L X 0 ,ǫ and L X 1 ,ǫ (defined with respect to the corresponding embeddings X t ⊂ C N ) are cohomologically CR deformation equivalent.
Proof. Let U ⊂ C be a bounded open set containing the real interval [0, 1]. By Corollary 5.10 and the compactness of the closure of U in C, there exists an ǫ > 0 such that α * (X t ) > ǫ for every t ∈ U . We fix real numbers 0 = t 0 < t 1 < · · · < t m−1 < t m = 1 such that t i − t i−1 ≤ ǫ for all i. For every i, let
Without loss of generality, we can assume that m i=0 ∆ i ⊂ U . Denoting by h : X → C the projection map, we define
and let f i : M i → ∆ i be the map induced by h. By construction, M i is a strongly pseudoconvex CR manifold. For every i and every t ∈ ∆ i , the fiber M i t is a link of X t , and hence it is a strongly pseudoconvex CR manifold. Moreover, the dimensions of the groups H p,q KR (M t ) are constant for 1 ≤ q ≤ n − 2 by Theorem 4.5. After composing with isomorphisms ∆ i → ∆, we obtain a finite collection of cohomologically rigid CR deformation families as in Definition 5.6, connecting L X 0 ,ǫ to L X 1 ,ǫ .
Proof of Theorem 5.7. After replacing X and X ′ with analytic open neighborhoods of the respective origins, we may assume that X = X ′ and we are given two locally closed embeddings j : X ֒→ C N and j ′ : X ֒→ C N ′ . For every t ∈ C, let j t : X → C N denote the composition of j with the rescaling map ρ t : C N → C N sending z → tz. Define j ′ t : X ′ ֒→ C N ′ in a similar way. Consider the locally closed embedding
. Let X denote the image of φ, and let X → C be the projection onto the last factor. For every t ∈ C, X t is an isomorphic image of X in C N ×C N ′ . The inclusion X 0 ⊂ C N ×{0 ′ } is naturally identified with j, and the inclusion X 1 ⊂ {0} × C N ′ with j ′ . Going back to the notation of the statement of the theorem, this means that there are natural identifications X 0 = X ⊂ C N and X 1 = X ′ ⊂ C N ′ . Then the assertion follows from Lemmas 5.11 and 5.12.
We are interested in the following immediate consequence of Theorem 5.7.
Corollary 5.13. The cohomological CR deformation equivalence class of a link of an isolated singularity of a complex variety X is an analytic invariant of the germ of the singularity.
If X = C n ⊂ C N is a linear subspace, then for every ǫ > 0 the link L X,ǫ is CR isomorphic to (S 2n−1 , T st 1,0 ), where T st 1,0 := T 1,0 (C n ) ∩ (T (S 2n−1 ) ⊗ C) is the standard CR structure of S 2n−1 .
If X ⊂ C N is an n-dimensional variety passing through the origin that is smooth but not linear at 0, then a link L X,ǫ of X at 0 may not be CR isomorphic to the standard CR sphere. Nonetheless, it is cohomologically CR deformation equivalent to it.
We expect that this property characterizes smoothness among normal isolated singularities.
Conjecture 5.14. Let X ⊂ C N be a variety with a normal isolated singularity at 0. Then X is smooth at 0 if and only if the cohomological CR deformation equivalence class of the link is the class of the standard CR sphere (S 2n−1 , T st 1,0 ).
Suppose, by way of contradiction, that X ⊂ C N has a (non-regular) normal isolated singularity at the origin 0 and yet its link is cohomologically CR deformation equivalent to the standard CR sphere. We can assume that X has dimension n ≥ 3. Let f i : M i → ∆, for i = 1, . . . , k, be the sequence of cohomologically rigid CR deformation families as in Definition 5.3, connecting a link of 0 ∈ X to a link of a smooth point.
By Theorem 4.7, for every i there exists a fiberwise filling of M i . That is, there exists a Stein space U i which has M i as part of its smooth boundary, and an holomophic map g i : U i → ∆ such that, for every t ∈ ∆, the fiber U i t is a Stein space with M i t as its smooth boundary. Moreover, each fiber U i t has isolated normal singularities. It follows by Corollary 4.3 that one of the fibers of U 1 → ∆ is isomorphic to an open neighborhood of 0 in X, and U k → ∆ has a smooth and contractible fiber.
We trace through these families. By applying Ehresmann's fibration theorem in the context of families of manifolds with boundary (when moving across a family) and Corollary 4.3 to move from one family to the next, we end up with a family U i → ∆ (for some index i) contains both a singular fiber, say U i 0 , and a smooth and contractible one. After possibly shrinking the base, we can assume without loss of generality that every fiber U i t , for t = 0, is smooth and contractible, while the central fiber U i 0 has normal isolated singularities. If one drops the condition that the central fiber is normal, then it is easy to create examples like this (e.g., see Example 5.15 below), but we do not know any example where the central fiber is normal. The fact that the contact structure on the boundaries of the fibers U i t is constant in the family should put further constraint, possibly leading to a contradiction and hence a proof of the conjecture.
Example 5.15. Let Q ⊂ P n+1 be a smooth quadric. Let x ∈ Q be a point and L ⊂ P n a tangent line to Q at x that is not contained in Q. Then let U ⊂ Q be the open set cut out by a small open ball in P n+1 centered at x. We regard P n+1 × P 1 as embedded in a projective space P N by the complete linear series of O(1, 1). Let π : P N P N −1 be the linear projection from a point y ∈ (L \ {x}) × {0}, where 0 ∈ P 1 is some fixed point. It is easy to see that the induced map Q × P 1 → P N −1 is an isomorphism onto its image away from the point (x, 0). Then let
where 0 ∈ C ⊂ P 1 . There is a natural holomorphic map U → C induced by the projection U × C → C. The fiber U 0 has a non-normal isolated singularity (the image of (x, 0)) and all other fibers U t are smooth and contractible.
6. An approach via contact forms
In this last section, we propose an alternative point of view on the problem. The idea is to look at the contact form induced on the link from a certain 1-form on C N and trace how it varies as we shrink the radius of the link. We consider the 1-form
The reason for the normalization (the denominator |z| 2 ) is that it makes the form invariant under the C * -action z → λz.
If X = C n ⊂ C N is a linear subspace, then for every ǫ the link (L X,ǫ , θ X,ǫ ) is strictly contactomorphic to (S 2n−1 , θ st ), where S 2n−1 is the unit sphere and θ st is the restriction of θ. We call θ st the standard contact form of S 2n−1 . If X ⊂ C N is smooth but not linear, then in general (L X,ǫ , θ X,ǫ ) is not strictly contactomorphic to (S 2n−1 , θ st ). Nevertheless, we have the following property.
Proposition 6.1. If X ⊂ C N is smooth, when, after composing with suitable diffeomorphisms L X,ǫ ≃ S 2n−1 , the contact forms θ X,ǫ specialize to θ st as ǫ → 0.
Proof. Instead of shrinking ǫ, we obtain the same effect if we keep the radius fixed and instead deform X to its tangent space at 0. To be precise, suppose that X = {f i (z) = 0} ⊂ C N . Using the C * -action z → λz on C N , we define a flat family of varieties X λ = {f i (λz) = 0} with X λ ∼ = X for all t = 0 and X 0 = T 0 (X) ∼ = C n . As θ is invariant under this C * -action, we have (L X,ǫ , θ X,ǫ ) ≃ (L Xǫ,1 , θ Xǫ,1 ) for every small ǫ > 0. The advantage of deforming the equations of X rather than shrinking the radius is that we take the limit of the right-hand side of the above isomorphism, and get lim ǫ→0 (L Xǫ,1 , θ Xǫ,1 ) = (L X 0 ,1 , θ X 0 ,1 ) = (S 2n−1 , θ st ).
We expect that this property characterizes smoothness among varieties with a normal isolated singularity.
Conjecture 6.2. Assume that X ⊂ C N is a variety with a normal isolated singularity at 0 and that L X,ǫ ≃ S 2n−1 and the contact forms θ X,ǫ specialize to θ st as ǫ → 0. Then X is smooth at 0.
Strictly speaking, this conjecture would not quite provide a link theoretic characterization of smoothness. We believe, however, that it should be more accessible than Conjecture 5.14 and could be approached by studying the behavior of the Reeb orbits associated to the contact structures θ X,ǫ as ǫ tends to 0.
